Quantum channels that preserve the commutativity 
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We identify and chiaracterize all the local quantum channels that preserves the set of classical states, i.e., 
does not create any quantum correlations. At first we show that the quantum correlations cannot be created 
from without if and only if the local quantum channel preserves the commutativity, i.e., the images of any two 
commuting states also commute. And then we provide an operational necessary and sufficient criterion for a 
known quantum channel to preserve the commutativity as well as a single observable to witness an arbitrary 
unknown commutativity-preserving channel. All the distance-based measures for quantum correlations, e.g., 
the geometric measure, are non-increasing while the quantum discord defined by von Neumann measurements 
can be increasing or decreasing under local commutativity-preserving channels. 



Quantum correlations, including the entanglement and the 
quantum discord, are useful resources that play a fundamen- 
tal role in various quantum informational processes. Quan- 
tum correlations beyond entanglement, i.e., quantum correla- 
tions found in separable states, e.g., as quantified by quantum 
discord Ijj, |2t], are argued to be responsible for the speedup 
in certain quantum computational tasks such as deterministic 
quantum computation with one qubit ^ Ql ■ The operational 
interpretations via state merging |5] for the quantum discord 
establish firmly the status of quantum discord as a useful re- 
source beside the entanglement. Also the quantum discord is 
related to the completely positive maps and quantum phase 
transitions in certain physical systems. As a resource it is 
therefore important to understand how the quantum correla- 
tions behave under local noises or operations. 

As is well-known, the entanglement is non-increasing un- 
der local operations and classical communications (LOCC). 
Especially the entanglement cannot be created from a separa- 
ble state using only LOCCs. This property of entanglement is 
characteristic for its various quantitative measures. It is natu- 
ral to ask what kinds of local operations that play the role of 
LOCCs for quantum correlations and especially what kind of 
local operations that do not create the quantum correlations as 
quantified by quantum discord. Operations allowed by quan- 
tum mechanics are quantum channels, i.e, all possible dynam- 
ical processes described by trace-preserving completely pos- 
itive (CP) maps. In the case of qubit channels this problem 
has been solved in Q]: qubit channels that do not create the 
quantum discord are either unital, i.e., mapping identity opera- 
tor to identity operator, or semi-classical, i.e, nullifying quan- 
tum correlations in any state. For higher dimensional systems 
there are examples of unital channels that are able to create 
quantum correlations. The problem of characterizing all the 
quantum channels for higher dimensional system that do not 
create any quantum correlations is left open. 

Here we shall resolve this problem in its full generosity. At 
first we show that a quantum channel does not create quantum 
correlation if and only if the given channel preserves the com- 
mutativity. And then we present an operational sufficient and 
necessary criterion for a known channel to be commutativity- 



preserving (CoP). Also a single observable is proposed to wit- 
ness the commutativity-preserving property of an arbitrarily 
unknown quantum channel. As an example, we show that the 
mixing of a given CoP channel with the identical channel pre- 
serves still the commutativity if and only if the given channel 
is a cloning channel. Finally the behaviors of various quantita- 
tive measures of quantum correlations, especially the quantum 
discord, under CoP channels are discussed. 

Although there are many different measures to quantify the 
quantum correlations beyond entanglement, bipartite classical 
states as well as quantum-classical or classical-quantum states 
are unambiguously defined. In what follows we shall use the 
languages of quantum discord. A bipartite state qab is said 
to be a classical-quantum state if and only if it has a vanish- 
ing A-discord, i.e., there exist an orthonormal basis {\k)} for 
subsystem A, a probability distribution pk, and a set of density 
matrices of aj^ of subsystem B such that 



QAB = ^Pk\k){k\A (Xi erf. 



(1) 



The classical-quantum state can be defined similarly, i.e., with 
a vanishing B-discord, and a classical state is both classical- 
quantum and quantum-classical, i.e. states with vanishing A- 
discord and S-discord. Operationally, a given bipartite state 
has zero A-discord if and only if TrsigAB^f^) are mutually 
commuting where {A^} is an arbitrary operator basis for sub- 
system B ||7[]. For an unknown state with four copies a single 
observable can witness the nonzero quantum discord fill [Till . 
Our first result concerns what kinds of local quantum opera- 
tions preserve the set of states with zero A-discord. 

Theorem 1 For a bipartite system AB a local quantum 
channel A acting on subsystem A preserves the set of states 
with vanishing A-discord, i.e., the image of any zero A- 
discord state still has a zero A-discord, if and only if the chan- 
nel A preserves the commutativity, i.e., for any two density 
matrices a it holds 



(2) 



Proof Consider a bipartite state qab with a zero A-discord 
as given in Eq.([T]i and a local quantum channel A acting only 



on subsystem A that preserves the commutativity. Since all 
projections {|fe)(fc|} in an arbitrary basis commute their im- 
ages A(|fc)(fc|) are also mutually commuting. As a result 
the image of the bipartite qab has also a zero ^-discord ac- 
cording to the operational criterion [7]. If the local quantum 
channel A does not preserve the commutativity then there 
exist two commuting states g, a of subsystem A such that 
[A(£i),A(ct)] ^ 0. While the state qab = Qa® |0)(0| + 
CTyi 1 1 has a zero A-discord, its image k®X{QAB) has a 
nonzero A-discord, also thanks to the operational criterion |7]. 
That is to say the quantum channel A that does not preserve 
the commutativity is able to create nonzero quantum discord 
from a state with a zero quantum discord. Q.E.D. 

In the following we shall characterize all the CoP chan- 
nels for qudit, i.e., quantum system with d energy levels. Let 
{|^)}fc=i t>e the computational basis and {A^jO < fJ, < D 

— 1} be a set of orthonormal Hermitian operator basis for 
qudit with Aq being identity and Tr(A^ A^) = dSf^^. The struc- 
ture constants f^^r = — iTr([Ap, A^JAt)/^^ with /i, t^, r — 
0, 1, are totally antisymmetric with respect to three in- 

dices. A quantum channel A, i.e., a trace-preserving com- 
pletely positive map, can be represented in three equivalent 
ways: the operator-sum representation, i.e., Kraus operators, 
the unitary representation on system plus environment, and a 
two-qudit state Ra = A®I{^) where $ = 1$) ($| is the pro- 
jection of the maximal entangled state |<i>) = W''^)ab 
(not normalized) in which qudit A is called as the system qudit 
while the qudit B is called as the reference qudit. 

Consider four copies of the two-qudit state R\ = A ® I(<i>) 
corresponding to a given channel A and label four system qu- 
dits that the channels act on by Ai and four reference qudits 
by Bi with i = 1,2,3,4. Let Vij be the swapping operator 
acting on the system (or reference) qudits i and j and denote 
hy X — Vi2 V23V34 the cyclic permutation of four qudits. The 
quantum discord witness introduced in |tl2il is an collective 
observable on four copies 



Xa 



^131^24). 



(3) 



The 2-qudit state R\ has a vanishing A-discord if and only if 
Tv{Rf^W) = idl]. For an unknown 2-qudit state with four 
copies we have only to measure the quantum discord witness 
W to see whether the state has a vanishing discord or not. 
Also we introduce another collective observable 



Xa+X 



ViiV^a (^13 + V2i - V12 - V^i) (4) 



and denote L = — [I a ® VuV23)Z. We note that all these col- 
lective observables, especially W and Z, can be measured by 
introducing some auxiliary qubits, some controlled swapping 
gates with qubits as sources, and qubit measurements. Now 
we are ready to formulate our main results: 

Theorem 2 The following statements are equivalent: 

i) The qudit channel A preserves the commutativity. 



ii) Given four copies of R\ = A ® X(<I>) it holds 

dTr {Rf^W) = Tr {Rf^Z) . (5) 

iii) In a given orthonormal Hermitian operator basis {A^} 
with Ao being identity for arbitrary = 0,1, 

it holds 

1 ^ 

[A(A^),A(A,)] = - /M-/a^r[A(Ac.),A(A^)]. (6) 

Proof By definition a channel A preserves the commuta- 
tivity if and only if the images of two arbitrary commuting 
density matrices [a, g] = still commute, i.e., [A{g),A{a)] = 
0. Since commuting density matrices have common eigen- 
states, it is equivalent to require i[A{ku) , A{lu)] — for 
arbitrary U and k,l where {\k)} is a given qudit basis and 
kjj = U\k){k\U^ . Since for a Hermitian matrix H the condi- 
tion _ff = is equivalent to Ti{H^H) = 0, a qudit channel A 
preserves the commutativity if and only if 

« d 

= ^ duY, Tr[A(fcy),A(;V)]2 

k.l=l 

Xa + x\^ 



(7) 



Tr(i?f4((d + l)L + dW^-Z)) 
d(d+l)(d+2) 



where the integral is over the unique Haar measure of unitary 
matrices and O = X^fe /=i ^ ® ® I — I ® U) ® obtain 
the second equality above we have used the properties A(gi) = 
TrB(i?Agi|^) and Tx{Xgx ® g2® gz® g^) = "^AeiQ-igzQ^)- 
To calculate the integral O = / dUU®^OU'^®^ in the third 
line in the equation above we have used the fact that O = 
S(tgS4 OaVa, since [O, = for arbitrary J7, for some 
real numbers O^, where V„ is the 4-qudit operator represent- 
ing the permutation cr G S'4. To compute the coefficients 0„ 
we can either use the Collins-Sniady formula lITsIl or solve 
the linear equation Tr(OV;j) = llx{OVa) with 24 variables 
{0„\a £ S4}. Taking into account Tr(Oyi2) = Tr(Oy34) = 
TT{OVi2V3i) = did - 1) and Tr(Oyi3) = Tr(Oy24) = 
Tr(OyL3V^24) = -d{d - 1) with Ti{OVa) = otherwise, we 
obtain 

^ ^ jd + l)L + diVuVsi - Vi3V2i) + VuV2iL 

l)(d + 2) ' ^ ' 

where L — V12 + V34 — V13 — V24. On the other hand it is 
rather straightforward to check the above equality by compar- 
ing the coefficients Tr(OVcr) with Tr(OVcr) which should be 
identical. 

In what follows the summation from Q Xo D over repeated 
indices is always assumed. In a local orthogonal observable 
basis {A^ ® A^} for two qudits we have expansion d^ = 



(E) and as a result cIRa = A(A^,) (g) A^. Straightforward 
calculations yield 2(fTr (Rf^W) = -Tr(A^i,A^^) and 
-4dTr (Rf^Z) = /^.r/a/3rTr (A^.Aa/j) , where A^, = 
[A(A^),A(A^)]. We obtain 

= X! Tr f A^,^ - -/pi^r/a/JrAa^ j . (9) 

In the above calculations the identity f^iyrffiiyr' — 25rT' is 
useful. We note that each terms in the above summation is 
non-positive because Aj^^ — — A^i, and thus Sa > 0. Further- 
more by neglecting all the terms 7^ in the above equation, 
we obtain immediately > - TrA^^/d = Tr (Rf^L). 
Now it is easy to see that Eq.Q holds true if and only if 
6a = 0, which is exactly the second statement and leads to 
the third statement due to Eq.(|9]l. Q.E.D. 

Some remarks are in order Firstly, it seems quite natural to 
regard the quantity Sa as the degree of commutativity preserv- 
ing for a given channel A because it has some nice properties. 
First, so-defined CoP degree is nonnegative and becomes zero 
if and only if the channel preserves the commutativity. Sec- 
ond, it can be readily calculated for a given channel or mea- 
sured for an unknown channel provided four uses of the chan- 
nel on a maximally entangled state $. Secondly here we have 
concerned mainly in bipartite states and it is straightforward 
to see that local CoP channels also preserve multipartite clas- 
sical correlations, with or without classical communications. 
However we leave the problem open whether all classical cor- 
relation preserving channels can arise in this way. 

Thirdly, in the case of qubit the condition Eq.(|6]l be- 
comes identities for ^,1/ 7^ because of the identity 
Er=i ffii^rfa/Sr = ^^a^up " ^^pS^c,- Thus the ncccssary and 
sufficient condition for CoP becomes simply [A(/), A(A,y)] — 
0, recalling that Aq = / is the identity by definition. Its 
necessity is obviously since the identity / commute with all 
operators. To see its sufficiency we note that the condition 
A^o = leads to either A(/) = /, i.e., the channel is unital, or 
A(/) = /+m-(7 for some nonzero Bloch vector m. From con- 
dition Apo = it follows that [A(£)), m • tr] =0 which leads to 
A{q) cx to • (7 in the case of qubit, which is not necessarily true 
if d > 3. That is to say the channel is a semi-classical channel 
that is defined by B{q) = J^k MMkgMk){4'k\ with {A4} 
being a d-outcome POVM and {|0fc)} an arbitrary basis. In 
fact the semi-classical channel nullifies the quantum discord 
of all the states, i.e., it brings any bipartite state to a classical- 
quantum state. Thus in the case of qubits, all the CoP chan- 
nels are either unital, i.e., A(/) = / or semi-classical, which 
reproduces the results for qubit channels in [6]. The cloning 
channel C{g) oc ITig + eg is obviously another example of 
CoP channel for all < c < 1. One special case is the identity 
channeH(g) = g. 

As an example of non-CoP channel we consider the channel 
'R{q) — (-^^Trgi — i[H, g])/d, which is referred to as Hamilto- 
nian channel here, with H being an arbitrary nonzero Her- 
mitian qudit operator with zero trace. The channel is posi- 



tive if Tri?2 < 1/2, since -Tt[H, g]'^ < 2TtH'^, and com- 
pletely positive if TrH^ < 1/d, since dR-u has eigenvalues 
1 ± vdTrlP. Straightforward calculation yields d'^S-u — 
(d^-6)(TrH^)^+d(d^-2)TrH^. Since dTri?^ > (TrH^)^, 
in which the equality holds true for arbitrary traceless qubit 
operator H, we always have d'^Sn > 2{(P ~ 4)(Tri/2)2 > 
in the case of c? > 3. Therefore all Hamiltonian channels for 
d > 3 do not preserve the commutativity. And in the case of 
qubit (5^ = and thus the Hamiltonian channel preserves the 
commutativity. 

By a mixing of two channels Ai and A2 we refer to the 
channel pAi + (1 — p)A2 for some 1 < p > 0. Firstly let 
us consider the mixing Ap = pi + pH of the identical chan- 
nel with a Hamiltonian channel. By using the Jacobi iden- 
tity [\^,[H,K]] - [X^,[H,\f,]] = [H,[X^,K]] we obtain 
Sa = P^S-H. Thus as long as 7^ 0, p 7^ 1, and d > 3 we 
have Sa > 0, i.e., the mixing Ap of a Hamiltonian channel 
with the identity channel preserves the commutativity if and 
only ifd = 2ori/ = 0orp = 1. 

Now let us consider a nontrivial mixing A' — pi + ph. 
of the identity channel I and an arbitrary CoP channel A 
with 1 > p > and p = \ — p. By denoting A^^ = 
[A'(A^),A'(A^)] wehaveA;,^ = p2[A^^ A^J+p^A^^+pp^^^ 
where 5*^^ = [A^,A(Ay)] — [Ay,A(Ap)]. To evaluate the 
CoP degree of A', we note at first that Sx = Sa = since 
both I and A are CoP channels. In terms of real coefficients 
A^ = Tr(A(A^)AQ,) the CoP degree Sa' turns out to be a 
quadratic from. Straightforward calculations yield 

,5a' =p'p'(A|(2-K)(l + K)|A) (10) 

where we have denoted by |A) — X^^ja AJJ ct) ^ two-quDit 
(qudit with D — d^ — 1 levels) state and by K a two-quDit 
observable given by {^.a\K\j3,v) = f^urfaPT- In order to 
find out the eigenvalue of K let us look at its square — 
4^* + E + F + 4P/d^ where ^ = I*) is the projector 

to the pure quDit state |*) = |^,m>, F = l/r>(/r|/2, 
E = d^E, |e.)(e.|/(2(d2-4)) with \U) = Y.^.uf^^.^rM 
and \er) = E^,. Tr({A^, A^}Ar)|Ai, being orthogonal 
to each other for r = 1, 2, . . . , D. Moreover? = (l+V)/2- 
— E with V being the swapping operator of two quDits. We 
note that E, F and P are mutually orthogonal projections 
and F is a subspace the anti-symmetric subspace of two quDit 
with projector given by (1 — V) /2. Therefore has a non- 
degenerated eigenvalue 4 with eigenstate l^*), a degenerated 
eigenvalue 1 with eigenspace E + F, a degenerated eigenvalue 
4/d^ with eigenspace P, and a degenerated eigenvalue with 
eigenspace (1 — V) /2 — F. Furthermore it can be checked that 
K|/r) = -|/r) while K\er) = \er) and K|*) = 2|*). As a 
result the spectrum of K is {2, ±1, 0, ±2/d} and the eigen- 
value 2 is non-degenerated with eigenstate \^) and eigen- 
value — 1 is degenerated with D eigenstates \fr) in the case 
of d > 3. Thus (2 - K)(l + K) > so that Sa' = if 
and only if |A) = a\^) + hrlfr) for some a, hr, i.e., the 
channel A is a linear combination of the identity channel and 
a Hamiltonian channel with H — J^t hr^r/d. In the case of 



d > 3 the channel A preserves the commutativity if and only 
if H = 0, i.e., the channel A is exactly the cloning channel C. 

Corollary In the case of d > 3 a mixing pi + pA (1 > p > 
0) of an arbitrary CoP channel A with the identity channel I 
preserves the commutativity if and only if the channel A is a 
cloning channel C{q) oc ITig + eg. 

The example of a unital non-CoP channel in the case of 
d > 3 given in [6] is a mixing of the identity channel with a 
semi-classical channel, which is definitely not a cloning chan- 
nel. Another example of non-CoP channel is the mixing of the 
identical channel with a unitary channel in the case of d > 3 
while it preserves the commutativity in the case of d = 2. 

Finally, let us consider various quantitative measures for 
quantum correlations under the CoP channels. First of all 
since the CoP channels preserve the set of quantum classical 
states, all distance-based measures are non-increasing under 
CoP channels. In fact any such kind of measure is defined by 
the minimal distance to the set of classical states with some 
suitable distances such as the distance, geometric measure, 
or the relative entropy. There are two different definitions 
of quantum discord with one over orthogonal projective mea- 
surements and one over all possible measurements. It turns 
out that the quantum discord over von orthogonal projections 
does not have this desirable property. Let us consider the fol- 
lowing 2-qubit state g — J^a b=o ^ab<^a ^ (Jb with 
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(11) 



Its A-discord over orthogonal projections can easily be found 
numerically 0.0314231 while for the state p„ = {q + 
uaQuI^)/2 where the single qubit unitary transformation 
UA = + icTs sin ^/V2 - zcr2 cos ^ acts on 

subsystem A only, the A-discord reads 0.0325923 which is 
slightly larger. As to the case of quantum discord defined via 
minimization over all possible measurements no examples of 
increasing under local CoP channels is found so far. We con- 
jecture that the quantum discord over general measurements, 
which can be different from that over von Neumann measure- 



local CoP channels. 

Note added. On finishing our manuscript Hu etal. obtained 
Theorem 1 \ T?]. The CoP channel A{g) cx ITig + cg'^ (with 
|c| < 1) provides a counterexample to their conjecture. 

Acknowledgement — This work is supported by National 
Research Foundation and Ministry of Education, Singapore 
(Grant No. WBS: R-7 10-000-008 -271) and NSF of China 
(Grant No. 11075227). 



ments even in the qubits cases 111411 . is non-increasing under 



[1] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 
(2001). 

[2] L. Henderson and V. Vedral, J. Phys. A 34, 6899 (2001). 

[3] E. Knill and R. Laflamme, Phys. Rev. Lett. 81, 5672 (1998); 

B.P. Lanyon, M. Barbieri, M.P. Almeida, and A.G. White, Phys. 

Rev. Lett. 101, 200501 (2008). 
[4] A. Datta, A. Shaji, and C. M. Caves, Phys. Rev. Lett. 100, 

050502 (2008). 

[5] D. Cavalcanti et aL Phys. Rev. A 83, 032324 (2011); V. Madhok 
and A. Datta, Phys. Rev. A 83, 032323 (2011). 

[6] A. Streltsov, H. Kampermann, and Dagmar BruB, Phys. Rev. 
Lett. 107, 170502 (2011). 

[7] B. Dakic, V. Vedral, and C. Brukner, Phys. Rev. Lett. 105, 
190502 (2010). 

[8] T. Werlang, C.Trippe, G.A.P Ribeiro,and G. Rigolin, Phys. 

Rev. Lett. 105, 095702 (2010). 
[9] A. Shabani and D. A. Lidar, Phys. Rev. Lett. 102, 100402 

(2009); A. Shabani and D. A. Lidar, Phys. Rev. A 80, 012309 

(2009) ; C. A. Rodn'guez-Rosario etal., J. Phys. A 41, 205301 
(2008). 

[10] M. Piani, P. Horodecki, and R. Horodecki, Phys. Rev. Lett. 100, 
090502 (2008); S. Luo and W. Sun, Phys. Rev. A 82, 012338 

(2010) . 

[11] Chengjie Zhang, Sixia Yu, Qing Chen, and C.H. Oh, Phys. Rev. 

A 84, 032122 (2011). 
[12] Sixia Yu, Chengjie Zhang, Qing Chen, and C.H. Oh, arXiv: 

1102.4710. 

[13] B. Collins and P Sniady, Commun. Math. Phys. 264, 773 
(2006). 

[14] Q. Chen, C. Zhang, S. Yu, X.X. Yi, and C. H. Oh, Phys. Rev. A 

84, 042313 (2011). 
[15] X. Hu, H. Fan, D.L. Zhou, and W.-M. Liu, arXiv: 1112.3141. 



